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FREE-BOUNDARY PROBLEMS FOR NONLINEAR MODELS
OF FLUID FILTRATION IN INHOMOGENEOUS POROUS MEDIA

I. B. Davydkin' and V. N. Monakhov? UDC 517.958.532

Ezistence theorems are proved for solutions of problems of nonlinear gravity fluid filtration in regions
with specified boundaries of complex geometry. The theory developed can be used to design the un-
derground flow net of a hydraulic structure with specified filtration characteristics.
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The nonlinear law of resistance of a porous medium to a fluid flowing through it (Darcy’s law) was proposed
by S. A. Khristianovich (1940), who established an analogy between the model obtained and the nonlinear subsonic
gas-dynamic equations. Khristianovich’s model has been widely used to describe oil motion in a porous bed. V.
N. Monakhov (1961) was the first to prove existence theorems for solutions of problems of nonlinear filtration of
a fluid with free boundaries using quasiconformal mapping. In the present paper, similar results are obtained for
filtration regions with boundaries of specified complex geometry.

1. Formulation of the Problem. The physical aspects of the gravity filtration problem and results of
previous studies are reported in monographs [1, 2] and review [3].

Steady-state nonlinear fluid filtration in an inhomogeneous porous medium (soil) is described by the following
elliptic system of equations, whose solutions are obtained using quasiconformal mapping [4]:

o= K(zp. Vo)V,  dive=0  [v=(01,0)). (1)

Here K is the symmetric filtration tensor with components differentiable with respect to the argument, z = x + iy,
& = @y + iy, and ¢ is the fluid potential (piezometric head). Setting a;; = 0v;/0§; (§&1 = ¢, and & = ¢,) and
1

Q;j = /aij(z, p, s€) ds, we arrive at the representation K = {a;;} [4]. Here it is assumed that the quadratic form

0
1

2
is A(E,N) = Z a;j A and, hence, Ag(€, \) = (KX, \) = /A(s{, A) ds are positively defined.
i,j=1 0
After introduction of the stream function ¥ (x,y) = ¥ (x1,x2), Egs. (1) can be written as

2 2
¢y = E a1iPx;, = V1, —Yp = E Q2iPy,; = U2
i=1 i=1

or in equivalent form for the function z = z(w) (w = ¢ + W):
2 — mi(w, 2,0)zy — Ma(w,2,0)Z5 =0 (0 = zy)- (2)

Here m; are explicitly expressed in terms of the components «;; of the tensor K continuously differentiable with
respect to all arguments. According to [5], the equation for the function z(w) is globally solvable for to zg, as is
shown in the form of Eq. (2). Differentiation of both sides of relation (2) with respect to w yields the following
equation for o:
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2
og —n1(w, z,0)04 — no(w,2,0)05 = Z briotal. (3)
k+1=0
Here n; and by; are expressed in terms of m; and their derivatives [4].
The assumptions of the differentiability of the tensor K and the positive definiteness of A(&, A) and Ag(§, N)
can be written as [4, 5]

sup ([[ml], [Inl}) <1, []b]] < oo, (4)

where m = (mq,ma), n = (n1,n2), and b = {by;} are the vectors and matrix of the coeflicients in Eqs. (2) and (3),

S
respectively, ||| = sup Z lox|, and ¢ = (p1,...,¢s). Asis shown in [5], system (2)—(4) corresponds to the general
k=1
nonlinear elliptic equation.

Let gravity fluid filtration occur in a domain D bounded by a specified polygon P with vertices z; and
angles axm (0 < § < ag < 2 and k = 0,n+ 1) and an unknown curve L — the boundary between the moistened
and unmoistened parts of the porous medium. The specified polygon P consists of impermeable domains P! and
interfaces P? with the immovable fluid, which also include horizontal seepage segments. The desired complex
filtration potential w = ¢ + 1) satisfies the following boundary conditions on 0D = P' U P2 U L:

¢=¢1a Zepla Y = P1, 26P27

© + T = @ = const, 1 = 1y = const, z e L.

Here ¢ and v are the piecewise continuous functions on P! U P2. The boundary conditions define the pre-image
D* of the filtration domain D [D = z(D*)] under quasiconformal mapping of z = z(w) by the solution of Eq. (2).
In the case, the boundary 0D* consists of segments of straight lines ¢ = const and v = const.

Another example of this type of problems is the design of the flow net of a concrete hydraulic structure L
using a head profile or a flow rate distribution (drainage layer) specified on L:

o =(x), Y =const if @ =const, ©=1(zx).
Particular problems of this type in the class of analytic functions were solved for the first time by N. I. Kochina
and P. Ya. Polubarinova-Kochina. Results of their studies are reported in [1, pp. 186-201]. The general problem
of construction of an unknown segment L of the boundary D of the domain of definition of an analytic function
w(z) = ¢ + itp was formulated and solved by Monakhov [6, Chapter 3]:

Glp,¥) =0, ze€P, w=g(z), =zl (5)

In this case, as in the above-formulated problem of gravity fluid filtration and the problem of construction of a
concrete dam contour, boundary conditions (5) define the image D* of the filtration domain D [D* = w(D)] in the
plane of the complex potential w = ¢ + ).

2. Homogeneous Soil. Steady-state fluid filtration in a homogeneous soil is described by an analytic
function w(z) = ¢ + 1, which is a complex filtration potential. We construct a conformal map w = W((),
W: E — D* of the upper half-plane E: Im > 0 onto the specified domain D* whose boundary 0D* = P* U L* is
defined by boundary conditions (5).

2.1. Differentiable Boundary Data. Assumptions:

(i) The polygon P C 9D is simple [7];

(ii) The curves of (P*, L*) C D* defined by Egs. (5) are Lyapunov’s curves [(P*, L*) C C'** where a > 0],
and their points of intersection wg and w,+1 have interior angles vym (0 < d <y, <2 and k =0,n+ 1).

If Assumptions (i) and (ii) are satisfied, according to [6, p. 110], the derivative w = dz/d( of the conformal
map z: E — D satisfies the boundary-value problem

Re[ei™(1/270%) ()] = 0, t € [tr, thyil,

B (6)
Rew(t) = h(t) = Mo(Oh.(t), I |t] > 1.

Here §,7 is the slope of the kth side of the polygon P, t, are pre-images of the vertices zx € P, to = —1 < t;
<o <tpp1=1,Tp(t) = H (t—t)" 1 Inh.(t) € C%() (@ >0),ap —y < 1—6 (k=0,n+1),and 6 > 0 is
k=0,n+41

a characteristic of the simple polygon.
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The solution of problem (6) is written as

dz TI(C) h(t) dt
T2 | mmie =momE. @
[t]>1
n+1
where II = H (¢ —tx)™ ! and oy is the interior angles at the vertices z; € P [6, p. 111]. The unknown variables

k=0
tr (k =1,n) are obtained from the equations that define the geometry of the polygon P:

lk = |Zk,1 — Zk| = / |H(t)||M(t)‘ dt, k= 1,n.
th—1

As is found in [6], the parameters t;, are determined uniquely and fit the inequalities

|tk+1 *tk| > € >07 k':O,TL, (8)

where & = £(||h.[|(®),8) (5 > 0 is a constant in the definition of a simple polygon [7)); [|¢]|(®) = [|¢]|*) = llellco@)-
n+1

We introduce the weight function II, = H(( - tk)ﬁ’“. Here By, =0 for ap > 1 and By =1 — ay for ap < 1,
k=0

where k =1,n. If k =0,n+ 1, then By =0for 1 <ap <yxand ap = v = 1; B = 1 — ay for ap < v, < 1 and
ap <1< y; and By =1 — 9 for ag > 1 > %. Then, the representation (7) leads to the estimate
||H*z¢||E = C(g) < oo, v=uv(a,a) > 0. (9)
2.2. Boundary Conditions from C®. Let us consider the following boundary-value problem for the func-
tion z({):
z(s) =P, st <1, Rez=H(t), I ]t|>1, (10)
where H(t) € C*(I) (o > 0).
We choose functions H,, (t) € C1*(1) such that ||Hm—H||la) — 0asm — oo and set h,,, = dH,,/dt € C*(1).

The derivative dz,,/d( of the conformal map z,,: F — D,, satisfies the boundary-value problem of the form
of (6) [with h = h.,(t), |t| > 1] and is represented as (7). Then, we have

¢

2= [ (€)M (C) dC = Fn(c), (11)
21
n+1
where I, = H(C — ¢~ and M,, = M(() for hII7! = h,,II;}, and the desired constants ¢}* satisfy the
k=0
inequalities
|ty — ti'] > em >0, k=0,n. (12)

We note that if the estimates (12) are satisfied uniformly with respect to m (g,, = €0 > 0), the first condition in
(10) can be written as

Re[e™(V/2700) (5 — 210 =0, ¢ € [tr, trsd]-
Solving the boundary-value problem
Im F,, = f(t), |t <1, ReF,, = Hp,(t), |t >1
and setting fn,,(t) =0 ([t| > 1) and H,,(t) =0 (]t| < 1), we write the function F},({) from Eq. (11) in the form

Fm:B(Hm+ifm|C)7 |<) C2 /

\/1—t2 t—¢) (13)

According to the properties of the Cauchy-type integral B(p|(), in Eq. (13), we have
| BEHA O™ < CUIH ;") < Co(IH];™) < 00, ap = min (1/2,a) > 0.
816



At the same time,

n
B(ifmlt)] < [Fl < lznsr — 2l =P, |t <1,
k=0

V1—1t2

i

d
B(ifult)] < max | £ (7) [ —malia@ < IPL <L

V1—72(1 = 1)

A similar estimate holds for ¢ > 1. Therefore, for the analytic functions F,({) in the form of (13), the following
uniform estimate holds:

[Fm(t)] < |P[+Co, T € (—00,00). (14)

Obviously, this estimate holds for the entire domain F: Im { > 0.

From the compact [by virtue of (14)] sequence of the analytic functions {F,,(¢)}, we distinguish a subse-
quence {F,, (¢)} that is uniformly convergent for Im¢ > 0. It is easy to see that the limit function z = Fy(()
satisfies the boundary-value problem (10) [6, pp. 130-131].

For any function ¢(¢) € W) (E) (p > 1), we designate its trace on I' C OF by ¢(t) € SW,(T) and set Q,
= {¢: |Re(| > 1+ p, Im{ > p}. Thus, we proved the following theorem:

Theorem 1. There exists at least one solution z = Fy(¢) of the boundary-value problem (10) for analytic
functions that satisfies the estimate (14).

If H(t) € SW).o(l) or H(t) € C*(I) (o > 0), then, z(¢) € W) -2(Q,) or z(¢) € C*(Q,), respectively,
po = po(p,0), and ag = ap(, d), where § > 0 is a characteristic of the simple polygon P.

3. Inhomogeneous Soil. Let the coefficients in Eq. (2) do not depend on ¢ = z,,, which corresponds to
the case of an inhomogeneous soil under quasilinear Darcy’s law, i.e., in (1), K = K(z, p).

In [8], the solvability of the problem (2), (10) was proved and interior estimates for the quasiconformal
map z: D* — D were derived. In the present paper, we will also obtain some estimates up to the boundary. As in
Sec. 2, we construct a conformal map w = W(¢), W: E — D* of the upper half-plane E onto the domain D*. By
virtue of Assumption (ii), (P*, L*) C C** (a > 0), and, hence,

aw
s H (¢ —tr)" ' R(Q), InR € C%(E).
k=0,n+1
Then, Eq. (2) reduces to
ve— iz — =0, lul <1, (15)

where 111 (¢, 2) = miwg/we, p2(C, 2) = ma, and p = (1, p2).

Let z = F(¢), F: E — D be the desired quasiconformal map of Eq. (15). We substitute an arbitrary
measurable function z°(¢) into the coefficients of (15) and consider a quasiconformal map & = £(¢), & E — E with
the normalization £(t;) =t (k= 0,n+ 1) and £(c0) = co that satisfies the equation of the form of (15):

By the construction, zg = 0, i.e., z = F[(({)] = Fo(€), is an analytic function. Since ((§) € W, and
po = po(mo) > 2, then z = Fy(§) satisfies boundary conditions (10) with H[t(7)] = Ho(r) € SW,.,(1), I: |7| > 1,
and p = p(po, mo). Then, according to Theorem 1, z = Fy(€) € W).5(Q,).

Converting back to the variable ¢, we obtain the following estimate for the solution of the problem (10),
(15):

12(Ollg” = C(8,mo,p) <00,  p>2. (16)

Here |j¢||l5” = [ollwz (o) and 4 is a characteristic of P C D.

The analysis performed in [6, 8] shows that the functions H(t) in Eq. (5) and g(z) in Eq. (2) have the
same smoothness. Therefore, we shall formulate the necessary conditions in terms of the function H(t). Using the
theorem proved in [8], we arrive at the following statement.

Theorem 2. Let H(t) € SW).,(1) and puy (¢, z) € C*(Ex D) (o >0k = 1,2), where 8Dy = PUP,UP, 11,
P ={z:x=uz;,y<y;} (j =0,n+1). Then, the problem (10), (15) for the simple polygon P [Assumption (i)]
has at least one solution z = F(¢), F: E — D and the estimate (16) holds for this solution.
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If dH/dt = TIo(t)h«(t), Inh, € C*(1), and pk(¢,2) € C*(E x Dy) (o > 0, k =1,2), then w = z¢ satisfies

the boundary-value problem (6), in which ty are subject to inequalities (8), and
12Og" <C Mzl < Cle,mo,p), v >0, (17)

where the weight function I, is determined after formula (8) is derived.

Remark 1. Using the quasiconformal mapping method developed in [6, pp. 275-279], we can weaken
the constraints imposed on the coefficients (¢, z) in the first part of Theorem 2, assuming only that they are
continuous over z for almost all ( € F.

4. Problems of Nonlinear Filtration in the Canonical Domain. As in Sec. 3, Eq. (2) is converted
to the variable ¢ by the conformal mapping w = W(¢), W: E — D*. This yields the nonlinear equation

—mze —p2Ze =0,  |ull <1, (18)

where up(¢, z,w) = mk(I/V,z,wWC_I)(WCW 2=k (k = 1,2, w = z;). Equation (18) for z = F(¢), F: E — D
is treated as the initial equation of nonlinear filtration (2 ) for the function z = z(w) (w € D*). Therefore, the
conditions imposed on the filtration tensor K(z, ¢, V) in Eq. (1) are also expressed in terms of the coefficients py
of Eq. (18). Equation (18) is formally differentiated with respect to ¢, and the resulting equation is written as

2
We — Q¢ — Qg = Z apwto! = a, llgll <1, (19)

where ¢ = (q1,¢2) and ||| = sup (|1 + |g2]).

We note that the inequality in Eq. (19) is the ellipticity condition for the nonlinear equation (18).

Assumption (iii): px (¢, z,w) € C*(Ex Dy xC) (k = 1,2), where 0Dy = PUPyUP, 11, and P; = {z: = = 1,
y <y} (G =0,n+1).

An apparent corollary of Assumption (iii) is the inequality sup |ag;| < co.

For the boundedness of jix¢, the existence of the derivative W, is necessary. This leads to the following
strengthening of Assumption (ii): (P*,L*) C C?T (a > 0). In filtration problems, since the boundary dD* =
P* U L* consists of segments of straight lines ¢ = const and v = const, the derivative W¢¢ is bounded if Im ¢ > 0
except for the pre-images ( = £1 of the points (wo, wp4+1) C P* N L*. The singularities pgc at the points ¢ = £1
complicate insignificantly the following derivations. In order that uxc be bounded at the points ¢ = £1, it suffices,
for example, to assume that my(w, z;,0) = 0 (j = 0,n + 1). Below, for the solutions z(¢) and w(¢) of Egs. (18)
and (19), respectively, we will consider the boundary-value problem (6) with the function dH/dt = g (t)h(t),
In h. € C*(1), whose properties are defined only by the smoothness of the boundary functions g(z) and G(p, %) =0
in Eq. (2).

5. Regularization of the Problem. A Priori Estimates. Let us regularize the nonlinear problem. We
introduce strips E, = {(: —o0 < Re( < oo and 0 < Im¢ < v} (v > 0) and construct a patch function x(¢) € C3(E)
such that x({) =0for { € E, (p > 0) and x(¢) =1 for ( € E\ Es,. In Eq. (18), we set pr, = xpr (k = 1,2); in this
case, [k, = qrp = aklp = 0 if ( € E,. In the notation, we omit the subscript p, assuming that p = g = ap; = 0 for
¢ € E,. Substituting the arbitrary measurable functions z(¢) and w(() into the coefficients in (18), we construct
the quasiconformal map { = R((), R: E — E defined before formula (16) such that z; = 0 (§ € E). Since g = 0
in the strip E,, the conformal map { = R({) (( € E,) can be analytically continued by symmetry to the strip
E;{¢: —0o < Re( < 00, —p < Im(¢ < 0}. The constructed conformal image £ = R°(¢) (¢ € EpU E;) is analytic

on the straight line F: Im ¢ = 0, and, hence, HRO(t)H(;g = C(my, p) < 0. Then in the transformed boundary

condition (6) for the analytic function dz/d¢, Im& > 0, we obtain || In h.[t(T )]||l = C(my, p) < oo and, hence, the
estimates (8) and (9) hold for dz/d¢. Converting back to the variable ¢, we note that for the function z({), the
estimates (8) for the constants ¢, (kK = 0,n+ 1) and the estimate (9) in the strip £, hold and, in addition, the
following inequalities are valid:

sup ([Mzc |, (01 <€, v>0,  p>2. (20)
We write the right side of (19) as

a((, z,w) Z apwteol = Ag + Ajw + As@,

818



where Ag = ago, A1 = a1o + azoz¢ + a11z¢, and Az = ap1 + ap27¢, and set Ag(() = Ai(¢, 2% w%). Here 2°(¢) is a
function that satisfies inequalities (20) and w®(¢) is an arbitrary measurable function.

By virtue of the boundedness of ax; and the estimate (20), we have ||AD||L, < oo, p > 2. We denote the
resulting quasilinear equation in terms of (19°) and note that for the solution w = w!(¢) of problem (6), (19%), the
following weight estimate holds [6, p. 275]:

HH*wH}Ep < C < oo, p = p(mo, qo) > 2. (21)

Here the weight function I1,({) is determined after inequalities (8), which are satisfied in this case, as proved above.
Let us revert to Eq. (18), setting 115 (¢, 2%, w!') = pi(¢) and denoting the linear equation obtained above by (18').
Since px, =0, ¢ € E,, and p > 0, by virtue of (21), we have

lwl iy =Clo) <o = [ubl% = Colp) <o, v>0.

Then, for the solution z = z!(¢) of problem (6), (18'), an estimate in E\ E, holds that is similar to that in Eq. (17).
Taking into account inequalities (20), we finally arrive at the following a priori weight estimate of the

solution z = z(¢) of the regularized problem (6), (18) (ur =0, ¢ € E,):
IMLzcl|5" < Clmo,e,p),  p>2. (22)

6. Solvability of the Problem. By virtue of the a priori estimates (21) and (22), the functions u(¢) = I z¢
and v(¢) = IL.w belong to a set N from the space W, (E):

{(u,v): ||(u,v)|| 5" = C(Cy, C1), p>2} = N. (23)
We choose an arbitrary element (u*,v*) € No C C?(E), 8= (p—2)/p:
{(w0): |(w )| = C(C.p), f>2}=No DN (24)

substitute 2* = w*II;! and w* = v*II; ! into the coefficients of Eqgs. (18) and (19), setting

/’LZ(C) :/'Lk(C’Z*v‘U*)v QZ(C) ZQR‘(CVZ*’W*)’ a*(C) :a(C7Z*>W*)'
We then denote the obtained equations by (18*) and (19*) and construct solutions z = 2!(¢) and w = w'(¢) of
problems (6), (18*) and (6), (19*) that satisfy inequalities (21) and (22). Therefore, the functions u*(¢) = H*zé
and v!(¢) = I,w" belong to the set N specified in Eq. (23). Thus, we constructed an operator A = (Ay, As) that
associates a vector (u*,v*) € Ny C CP(E) (8 > 2) with a vector (Aju*, Agv*) = (ul,v!) € N CC Ny, where
the sign CC denotes a compact embedding. By virtue of the continuity of the coefficients of Egs. (18) and (19)
over z and w, the operator A: Ng — N C Ny is bounded, continuous, and compact on the set Ny defined in (24).
Therefore, according to Shauder’s theorem, there exists at least one immovable transformation point A
(u,v) = A(u,v),  (u,v) € Ngc C*(E), £>0
¢

that corresponds, by construction, to the solution z = / I, 'udC of the regularized nonlinear problem (6), (18).

S1

To derive a solution of the initial problem (10), (18) for p = 0, we substitute arbitrary measurable functions
29(¢), w¥(¢) into the coefficients j; and consider the map ¢ = RY(¢), R’ : E — FE in the same manner as in
Sec. 5. Then, the analytic function z = F°(¢), F: E — D satisfies the transformed boundary conditions (10) with
H[t(r)] € SW).(l) and the estimate (14). Converting back to the variable ¢, we obtain a solution of problem (10),
(18) that has the same properties. Thus, we proved the following theorem:

Theorem 3. There exists at least one solution of the nonlinear regularized problem (6), (18) (ur = 0,
¢ € E,) that satisfies inequalities (20) and (22). If p = 0, the solution z = F({) of the limit nonlinear equation (18)
(ux #0, ¢ € E,) satisfies boundary conditions (10) almost everywhere and inequality (14) holds for it.

7. Hydrodynamic Analysis of Results. The mathematical results obtained, as a rule, have not been
interpreted in the context of the filtration problems considered. Here we try to fill this gap.

First of all, let us consider a hydrodynamic interpretation of the new mathematical result formulated in
Theorem 1 on the solvability of problem (10) for analytic functions in the classes C*(E), o > 0, and W (E)
(p > 2). In filtration problems, the boundary 9D* = P* U L* consists of segments of straight lines ¢ = const and
1) = const, and, hence, it is a piecewise analytic curve. Therefore, in gravity filtration problems, the boundary
function H(t) is also analytic at the interior points ¢ € I. Another situation arises in designing hydraulic structures.
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Here the pre-image L* of the free boundary L is also a segment of a straight line ¢ = const or 1 = const but the
function w = g(z), z € L in (2) is defined, as a rule, as an insufficiently smooth function because L can contain
grooves (1) = const on L) or drainage slots (¢ = const on L) [1]. Therefore, the results of theorem 1 are important
from the practical viewpoint.

Unlike in [8], where problems of fluid filtration in an inhomogeneous soil were studied, in Sec. 3 of the present
paper, we studied the properties of a complex potential up to the boundary of the filtration domain. We note, in
particular, the important fact of boundedness of the free boundary L proved in Theorem 2 [estimate (14)].

The main results of this study are reported in Secs. 46, focused on fluid filtration in nonideal porous media
(inhomogeneous or anisotropic with a nonlinear resistance law). Since the filtration problems are substantially
nonlinear in this case, we proved the existence of only a generalized solution of the nonlinear filtration equation
that satisfies the boundary-value problem (10) almost everywhere. In this case, if the soil is homogeneous in a small
neighborhood of the filtration domain D and Darcy’s law is linear, which corresponds to a rather large time of
filtration flow through the domain D, then, according to the first part of Theorem 3, the solutions of the nonlinear
filtration problem have the same properties as in the case of an ideal porous medium described by analytic functions
(see Sec. 2).

The work was supported by the Russian Foundation for Fundamental Research (Grant No. 02-01-00645) and
the “Russian Universities” Program (Grant No. 04.01.038).
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